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Abstract: This paper reports theoretical and numerical investigations on free molecular gas flows through
micro-channels. Both diffusely and specularly reflective channel surfaces are considered. Gaskinetic
methods are adopted to develop the analytical solutions for surface and flowfield properties. The crucial
steps include constructing the velocity distribution functions (VDFs) for points at the plate surfaces and
inside flowfield, and then completing the integration over the related velocity phases. For diffusely
reflective surfaces, the VDFs are related to the densities and temperatures at the two exits and the
plate temperatures. For surfaces with specular reflections, the VDFs at the plate surface and inside the
flowfield are identical, and independent of the surface temperature ratio and the geometric aspect ratio.
Based on the VDFs and velocity phases, surface property coefficients (e.g., Cp, C f , and Cq) and flowfield
properties (e.g., density, velocity components, and temperature) are obtained. For the diffusely reflective
surface scenario, the mass flow rate can be approximated and the results include four non-dimensional
parameters: the aspect ratio, the density ratio, and two temperature ratios. For specularly reflective
surface scenario, the surface and flowfield properties are uniform everywhere, the channel aspect ratio
and plate temperatures do not have any influence. Particle simulations with the direct simulation Monte
Carlo (DSMC) method are performed, and essentially identical results validate the theoretical work. This
work is heuristic and can be used to investigate less rarefied micro-channel gaseous flows, for example,
aid experimental measurement design for thermal transpiration flows.
1. INTRODUCTION
Micro-channels are important components widely used in MEMS and NEMS. Due to the tiny
characteristic length, the interior gas flows could be highly rarefied or even free molecular. How free
molecular gas flows inside a micro-channel is a very fundamental question, and there are numerous
reports in the literature. For example, the mass flow rate is one important property and there are several
factors that may have effects, e.g., the gas pressure and temperature differences between the two channel
exits, the channel surfaces are diffusely or specularly reflective. Here, a diffuse surface means that when
a particle hits the surface, it bounces off with a velocity of uniform probabilities within a specific solid
angle. A specularly reflective surface means that it bounces off having the normal velocity component
reversed but the tangent component unchanged. Realistic reflections are generally between these two
limiting scenarios; hence, we can understand the micro-channel flows by studying them between plate
surfaces with fully diffusely or fully specular reflections.
Because the problem is very fundamental, there are numerous reports in the literature, and we can
only report a few as follows.
The starting work on rarefied gas flows through channels of different cross-section was done by
Knudsen [1], Gaede [2], Smoluchowski [3] and Present [4]. Their work were both experimental and
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theoretical. Later, Takao [5] developed a new mathematical theory of rarefied gas flows. Cercignani [6]
used an asymptotic method and studied gas flows through a micro-channel with an inverse Kn number
ranging from 0 to 10.5, i.e. the collisionless flow limit scenario is included. However, a constant pressure
gradient through the channel was assumed in that study and it is not the situation of a long micro-channel.
Two-dimensional, highly rarefied gas flows with few collisions were also investigated with an isothermal
assumption and linear pressure distribution [7]. DeMarcus [8–10] reported a systematic discussion on the
free molecular flow problem for one-dimensional systems by using the Clausing’s integral equation [11,12]
for the transmission probability of molecules crossing the channel. That method allows feasible iterations
by hand. However, the results are limited to simple 1D situations and mainly include mass flow rate.
The gas flows are assumed isothermal and collisionless. The work focused on a circular capillary, a pair
of semi-infinite parallel plates and a highly dispersed bed of isotropic-ally scattered spheres. That work
is classic but rather simple in computing detailed and complex 2D free molecular flowfield. Following
DeMarcus’s work, Berman [13,14] reported explicit expressions on the mass flow rates for collisionless
flows through a capillary, flat plates, and beds of spheres. Their results indicate that the transport in
pressure volume units per unit time is proportional to the pressure difference, and obviously they adopted
an averaged temperature which can not reflect the temperature differences between the exits or the plate
surfaces. In 1972, Dayton [15] discussed molecular flows through ducts with sharp turns and bends. In the
same year, numerical and gaskinetic investigations [16] were reported on the study of highly dilute gas
flows through a finite length slot. The results include an empirical formula for the mass flow rate, and
it is quite worthy of reading. In 1986, Santeler [17] provided new improvement on solving the Clasuing
equation with several corrections.
Steckelmacher [18] offered a review on the work related to high Kn number flows done before 1985.
Most investigations on rarefied gas flows through a micro-channel focused on numerical simulations, e.g.,
the direct simulation Monte Carlo method [19–24]. Reese, Gallis and Lockerby [25] presented DSMC and
super-hydrodynamic methods in studying non-equilibrium hypersonic gas flows and micro-device (e.g.
micro-channels, micro-beams) flows.
Cercignani [26] provided a review on various methods to study micro-channel flows with various
analysis work. It is remarkable that Titareva and Shakhov [27] developed a linearized gaskinetic S-model
to compute non-isothermal, rarefied gas flows inside a finite micro-channel, and reported that the mass
flow rate is related to the temperature and pressure differences at the two exits, if the Kn number is low.
The capillary end effect on micro-channel flow is also successfully investigated by using the gaskinetic
method [28].
Takata et al [29,30] studied the problem of separating two different gas species by using micro-channels
or micro-pumps with high Kn number, where the micro-pumps can be simplified as a planar channel with
linear temperature distributions. In 2009, Ye & Yang [31] performed DSMC simulations to investigate the
surface temperature effect on the heat and mass transfer. It is for situations with inter-molecular collisions.
Shen [32] discussed the Poiseuille alike flows inside micro-channels with pressure gradients. Both papers
are interesting for reading, as work related to the current study. Livesey [33] presented work on pressure
driven flows within long and short ducts of typical duct cross-sections, from the molecular to continuum
flow limits. He developed a model, where the pressure difference is still an explicit factor.
In 2011, Dongari, Zhang and Reese [34] proposed a power-law based model so that the
Navier-Stokes-Fourier equations can be employed for the transition-regime flows in typical of gas
micro/nano-devices. The model is derived for a system with planar wall confinement by taking into
account the boundary limiting effects on the molecular free paths. It is applied to fully developed
pressure-driven and thermal creep gas flows in micro-channels. More recently, the unified gas-kinetic
scheme (UGKS) is adopted to simulate [35] gas flows through micro/nano-channels. That method
models the gas evolution with the gaskinetic method, both elastic and inelastic collisions are taken into
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consideration. The simulated examples include thermal-conduction and pressure-driven flow within
a wide range of Kn numbers. Yuan and Rahman [36] adopted a multiple-relaxation-time LBM with
a second-order slip boundary condition to simulate highly rarefied micro-channel flows, with the aid
of a Bosanquet-type effective viscosity. They reported that this method has several merits over other
simulation methods. Based on the Boltzmann model equation, a new gas-kinetic simulation scheme is used
to study two-dimensional micro-scale gas flows with irregular configurations including pressure-driven
micro-channel flows[37]. The Kn is within the range from 100 to 0.01. Srinivasan [38] et. al. performed
numerical simulations and experimental validations on highly rarefied micro-channel gas flows. They
adopted higher order slip boundary conditions, and used commercial software package Fluent which is
more proper to simulate small Kn number gas flows.
The current work is motivated by several formulas for mass flow rate for collisionless gas flows
through a micro-channel. For the flat plate scenario, the following formula was suggested by Berman
[13,14]:
G =
1
4
Av∆p
(
1
2
(1+
√
1+ L′2 − L′)−
3
2 (L
′ − ln(L′ +√L′2 + 1))2
L′3 + 3L′2 + 4− (L′2 + 4)√1+ L′2
)
, (1)
where G is the transport in pressure volume units per unit time, A is the cross-section area, v is the mean
thermal speed of the gas, ∆p is the pressure difference, L′ is the planar channel aspect ratio of length to
height. Evidently, there is no temperature ratio related to the mass flow rate. Similar limitation can be
found in the formulas suggested by Cercignani [26]. Shall we include one or several temperature ratios for
general collisionless flow cases? Shall the results be different for the diffusely and specularly reflective
planar channel cases? Shall the pressure difference be one crucial factor?
This paper aims to address this fundamental problem of how collisionless gas flows inside a planar
micro-channel, especially the above questions related to the mass flow rate. We use the gaskinetic theory
and develop analytical solutions for the flowfield and surface properties, and identify important factors,
including several temperature ratios.
The rest of this paper is organized as follows. Section 2 discusses the situation with diffusely reflective
channel surfaces; Section 3 discusses the situation with specularly reflective surfaces; and Section 4
summarizes this study with several conclusions.
2. CHANNELS WITH DIFFUSELY REFLECTIVE SURFACES
It is assumed that free molecular gas flows through a planar micro-channel with a length L and a height
H. The gas at the left entrance or exit has a number density nL and a temperature TL. Correspondingly,
the values for the right entrance are nR and TR. The temperatures for the top and bottom plate surfaces are
TT and TB. This section discusses the situation that surfaces have diffuse reflections.
The approach adopted in this work follows fundamental gaskinetic theory, and the method can be
considered as extensions of our past work on internal and external free molecular flows [39–41].
Figure 1 illustrates how to construct the velocity phases for a surface point, and this construction is
important for the surface and flowfield property computations. For convenience of discussions, both the
top and bottom plates are divided into 10 segments, but in the real computations, much more segments
have been used. The right side of this figure shows the corresponding velocity phase for Point E at the
bottom surface. The Velocity Distribution Functions (VDFs) for the gas entering from the left and right
entrances are assumed to be Maxwellian due to free molecular flow. Another two Maxwellian VDFs are
used to model those molecules bouncing off the top and bottom plates for the diffusely reflective surfaces:
fi(u, v) = ni(x)
βi
pi
e−βi(u
2+v2), (2)
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Figure 1. Velocity phase construction for Point E at the bottom channel surface. Left: problem illustrations.
Right: the corresponding velocity phase for Point E.
where βi = 1/(2RTT) for the top plate and 1/(2RTB) for the bottom plate; R is the specific gas constant;
the number densities in these two functions vary with the local positions on the plate and need to be
determined as the first step. For convenience, ni(x) is defined as a “virtual” density.
By using the Maxwellian VDF and velocity phases for Point E at the bottom plate as an example, as
shown in Fig. 1, the surface properties can be derived as follows by using the gaskinetic theory (e.g., by
Kogan [42]).
The virtual number density in Eqn. 2 can be determined by using the condition of zero flux at the
plate surface, or the non-penetration condition. At the bottom surface Point E, there are three groups of
incoming molecules, from the left and right entrances, and the top plate, respectively. There is also a group
of outgoing molecules bouncing off point E with a VDF described by Eqn. 2. According to the zero-flux
condition, the virtual density nE can be determined as:
nE(x)
nL
= 1nL
(∫
ΩAOu
fLdudv +
∫
ΩBO(−u)
fRdudv +∑9i=1
∫
ΩiO(i+1)
fT,idudv
)
= 12
(√
TL
TB
(1− cos αL) + nRnL
√
TR
TB
(1− cos αR) +
√
TT
TB ∑
9
i=1
ni+ni+1
2nL
(cos αi − cos αi+1)
)
,
(3)
where αL = 6 AEC = 6 AOu and αR = 6 BED = 6 BO(−u), they are the acute angles subtended by
the left and right exits, respectively, and αi is the angle 2pi − 6 iEC shown in the left side of Fig. 1 or
2pi− 6 iOu shown in the right side of Fig. 1. The transformation from the Cartesian coordinate to the polar
coordinate for the integral in the velocity phase is used, which simplifies the above derivations thanks to
the symmetric property of VDFs with respect to the origin.
The above virtual density distribution is crucial and it includes three temperature ratios, a density
ratio, and a geometry ratio ( embedded in αL and αR). It is understandable that the virtual number density
distribution along one plate surface affects that along the other surface, i.e., nE at the bottom surface
depends on ni at the top surface, and vice versa. These two distributions can be determined by using
iterations. Figure 2 (left) shows the developments with 5 iterations of the normalized virtual density
distributions. At each point, non-penetration conditions must be satisfied. To clearly demonstrate the
effects from various factors, the four temperatures are assigned with different values, and the channel is
short with L/H = 2.0. Each plate surface is divided into 100 short segments. The initial virtual density
distributions are set to zero along the two plates, and they develop and converge fast to the two final
linear distributions. Numerical solutions indicate that with the same plate surface temperatures, these two
virtual density distributions merge into one, which is expected and thus omitted here.
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Figure 2. Left: virtual number density profiles along the top (black) and bottom (red) plate surfaces, TL : TR :
TT : TB = 4 : 2 : 1 : 3, nL : nR = 1 : 10, and L/H = 2. Right: virtual number density profiles with different
aspect ratios, L/H = 10, 100, 1000, and 10000; nL : nR = 1 : 10, TR : TL = 2 : 1, the surface temperatures
are either constant with TT = TB = (TL + TR)/2, or linear, TT(x) = TB(x) = TL + (x/L)(TR − TL).
The right side of Fig. 2 illustrates the surface virtual number density distributions with two different
surface temperature profiles. The top and bottom plates have the same surface temperature here and
can be simply set as constant as the average temperature TT = TB = (TL + TR)/2, or it can be assumed
more reasonably with a linear distribution from TL to TR. The latter may happen for thermal transpiration
micro-channel flows with a large L/H ratio. The right figure illustrates that if a linear temperature profile
is assumed and the channel aspect ratio is large, e.g., L/H > 100, the virtual number density profiles at the
surface become highly non-linear. This phenomenon may give insights for modelling thermal transpiration
flows[43]. Whether the flows are choked inside such a long channel is beyond the scope of this work.
For a diffusely reflective surface, the interesting surface properties may include slip velocities,
pressure, friction and heat flux. The surface slip velocity is mainly due to the three groups of incoming
molecules, and these outgoing or diffusely bouncing-off molecules contribute less to the slip velocity at
this local point. This is because the averaged surface tangent velocity for the last group is zero, although
the mass carried by this group needs to be included in computing the slip velocity as the overall average.
By using Fig. 1 (right) as an example, the local slip velocity at point E is:
uslip,E√
2RTL
= 1nE/2+ΛB+ΛL+ΛR (
∫
ΩAOu
u fLdudv +
∫
ΩBO(−u)
u fRdudv +∑9i=1
∫
ΩiO(i+1)
u fT,idudv)
= nLnE/2+ΛB+ΛR+ΛL
1
4
√
pi
(
sin αL −
√
TR
TL
nR
nL
sin αR +
√
TT
TL
ΛT
)
,
(4)
ΛB = ∑9i=1
αi+1−αi
2pi
ni+ni+1
2 , ΛT = ∑
9
i=1
ni+ni+1
2nL
(sin αi+1 − sin αi), αi = 2pi − acos xE−xi√
(xi−xE)2+H2
,
ΛL =
αL
2pinL, ΛR =
αR
2pinR,
where ΛB and ΛT represent the contribution from the whole top plate; ΛL and ΛR represent contribution
from the left and right entrances; nE represents the virtual number density of bouncing-off molecules at
Point E, “1/2” is because only half of those molecules are moving up.
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The local surface pressure coefficient, Cp, along the surfaces is derived as:
Cp,E = 1nLkTL
(
nEkTB
2 +
∫
ΩAOu
v2 fLdudv +
∫
ΩBO(−u)
v2 fRdudv +∑9i=1
∫
ΩiO(i+1)
v2 fT,idudv
)
= 12
nE
nL
TB
TL
+ 12pi
(
αL − 12 sin 2αL
)
+ 12pi
TR
TL
nR
nL
(
αR − 12 sin 2αR
)
+
1
2pi
TT
TL ∑
9
i=1
ni+ni+1
2nL
(
αi+1 − αi − 12 sin 2αi+1 + 12 sin 2αi
)
.
(5)
Those particles bouncing off the diffuse plate surface do not contribute to the local surface friction force due
to zero average tangential velocity/momentum, but do affect the local surface heat flux as their average
kinetic energy is nonzero:
C f ,E = 1nLkTL
(∫
ΩAOu
uv fLdudv +
∫
ΩBO(−u)
uv fRdudv +∑9i=1
∫
ΩiO(i+1)
uv fT,idudv
)
= 12pi sin
2 αL − 12pi nRnL
TR
TL
sin2 αR + 14pi
TT
TL ∑
9
i=1
ni+ni+1
nL
(
sin2 αi+1 − sin2 αi
)
,
(6)
Cq,E = 1nLkTL
√
2RTL
(
− ∫v>0 e fE + ∫ΩAOu e fL + ∫ΩBO(−u) e fR +∑9i=1 ∫ΩiO(i+1) e fT,i) dudvdw
= 12
√
pi
[
1− cos αL + nRnL
√
TR
TL
3
(1− cos αR)− 2 nEnL
√
TB
TL
3
+
√
TT
TL
3
∑9i=1
ni+ni+1
2nL
(cos αi − cos αi+1)
]
.
(7)
where e = v[u2 + v2 + w2]/2.
To validate the above surface properties, several simulations are performed with the DSMC method.
A well-tested DSMC simulation package [44] is adopted for the simulations. The simulation domain is
divided into a mesh with 100× 100 points.
Figure 3 (left) presents typical surface slip velocities and pressure coefficients along the top and
bottom surfaces. The DSMC simulation results are plotted as symbols and the analytical results are plotted
with lines. To clearly demonstrate the differences between the two plates, the surface temperatures TT
and TB are different and the channel aspect ratio is L/H = 2. Evidently, these profiles are nonlinear. The
pressure closer to the right exit is relatively larger, but the velocity closer to the left exit is relatively larger
(the negative value means that the flow is from the right to the left). It seems that this is a typical pressure
driven free molecular flow with a pressure difference of nRkTR − nLkTL. Figure 3 (right) shows the friction
and heat flux profiles along the two plate surfaces. The nonlinear and unsymmetrical patterns are evident.
The simulation results and the above analytical solutions are essentially identical.
Figure 4 sketches a flowfield point P(X, Y) and the related velocity phase for that point. The
computations of related flowfield properties include contributions from the two exits, the top and bottom
plates. The formula for number density is:
n(X, Y)
nL
=
αL1 + αL2
2pi
+
αR3 + αR4
2pi
nR
nL
+
1
2pi
9
∑
i=1
ni + ni+1
2nL
αi +
1
2pi
21
∑
i=13
ni + ni+1
2nL
αi, (8)
where αL1 = 6 AOu, αL2 = 6 COu, αR3 = 6 BO(−u), and αR4 = 6 DO(−u), as shown in Fig. 4 (right); αi
here is the acute angle subtended by the corresponding segment at the top or bottom surfaces from the
flowfield point P(X, Y). The other flowfield properties are derived and the final expressions are:
U(X,Y)√
2RTL
= 14
√
pi
nL
n
[
sin αL1 − nRnL
√
TR
TL
(sin αR3 + sin αR4) +
√
TT
TL ∑
9
i=1
ni+ni+1
2nL
(sin αi+1 − sin αi)
+ sin αL2 +
√
TB
TL ∑
21
i=13
ni+ni+1
2nL
(sin αi+1 − sin αi)
]
,
(9)
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Figure 3. Left: diffuse surface slip velocities, uslip/
√
2RTL, and pressure coefficients Cp along the top and
bottom surfaces. Right: the corresponding coefficients for surface friction C f and heat flux Cq. TL : TR : TT :
TB = 4 : 2 : 1 : 3, nL : nR = 1 : 10, and L/H = 2. Symbols: DSMC; Lines: analytical.
V(X,Y)√
2RTL
= 14
√
pi
nL
n
[
cos αL2 − nRnL
√
TR
TL
(cos αR4 + cos αR3)−
√
TT
TL ∑
9
i=1
ni+ni+1
2nL
(cos αi − cos αi+1)
− cos αL1 +
√
TB
TL ∑
21
i=13
ni+ni+1
2nL
(cos αi − cos αi+1)
]
,
(10)
T(X, Y)
TL
=
1
2pi
nL
n
[
αL2 − αL1 + (αR4 − αR3)TRTL
nR
nL
+ (
TT
TL
9
∑
i=1
+
TB
TL
21
∑
i=13
)
ni + ni+1
2nL
αi
]
− 2(U
2 +V2)
3RTL
, (11)
Tx(X,Y)
TL
= − U2RTL + 12pi
nL
n
[
αL2 − αL1 + sin 2αL2−sin 2αL12 + TRTL
nR
nL
(αR3 − αR4 + sin 2αR3−sin 2αR42 )+
( TTTL ∑
9
i=1 +
TB
TL ∑
21
i=13)
ni+ni+1
nL
(αi+1 − αi + sin 2αi+1−sin 2αi2 )
]
,
(12)
Ty(X,Y)
TL
= − V2RTL + 12pi
nL
n
[
αL2 − αL1 − sin 2αL2−sin 2αL12 + TRTL
nR
nL
(αR3 − αR4 − sin 2αR3−sin 2αR42 )+
( TTTL ∑
9
i=1 +
TB
TL ∑
21
i=13)
ni+ni+1
2nL
(
αi+1 − αi − 12 (sin αi+1 − sin αi)
) ]
.
(13)
Figure 5 shows the DSMC simulation results and analytical solutions for the flowfield distributions of
number density and average temperature. It shall be reminded that this is a short channel, L/H = 2.0, and
the strong variations in the flowfield are effective to validate the analytical solutions. If the aspect ratio
L/H is large, the variations become relatively mild and the agreements will be even better. Because TT
and TB are different, the flowfield patterns are not symmetric. There are abrupt density changes around
the exit corners. For example, for this test case with nR/nL = 10, the density ratio at the left exit is close
to 3.5, instead of 1.0. The density ratio at the right exit is close to 8.5, rather than 10. The density ratio at
the middle station is close to 6.0, which is slightly larger than 5.5 or (nR + nL)/(2nL). They are because a
short channel can allow molecules to cross it relatively easier. The relatively cold plate surfaces compared
to the entrances may also affect the density distribution, as clearly shown in Eqn. 3. The four corners with
abrupt variations can be considered as singularity points. The analytical solutions are complex and quite
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Figure 4. Left: flowfield property computations at point P(X, Y); Right: the corresponding velocity phase
for point P.
challenging for validations. However, as shown clearly, the simulation and analytical solutions have very
good agreements, showing that the final formulas are correct.
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Figure 5. Left: flowfield density n(X, Y)/nL; Right: temperature T(X, Y)/TL, with diffusely reflective
surfaces. TL : TR : TT : TB = 4 : 2 : 1 : 3, nL : nR = 1 : 10, and L/H = 2. Dashed lines: DSMC; solid lines:
analytical.
Figure 6 shows normalized flowfield distributions of velocity components along the X and Y directions.
There are strong gradients around the four corners and they are challenging to capture. The negative
U-velocity means that the gas flows from the right to the left. Around the two exit or entrance areas, the
velocity profiles are relatively uniform; and in the middle, the profiles are fully developed. The V-velocity
is smaller than the U-velocity component. It is quite challenging to obtain smooth V-velocity contours by
the DSMC simulations because larger sampling size is needed to suppress the relatively larger statistical
scatter than that of the U-velocity. However, the excellent agreements at the two exits with mild statistical
scatter strongly indicate that the analytical expressions are correct.
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Figure 6. Normalized U and V velocity components, U(X, Y)/
√
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reflective surfaces. TL : TR : TT : TB = 4 : 2 : 1 : 3, nL : nR = 1 : 10, and L/H = 2. Dashed lines: DSMC;
solid lines: analytical.
Figure 7 shows normalized translational temperature contours, Tx/TL, and Ty/TL, where
non-equilibrium effects are appreciable, especially there are abrupt changes around the four corner
regions. In the middle of the channel, the variations are mild.
The left side of Fig. 8 shows the pressure contours. Because TT and TB are different, those contour
lines are not symmetric with respect to the channel centerline. The right side of Fig. 8 shows the velocity
and mass flux profiles at three stations x/L = 0.25, 0.5, and 0.75. As shown, the flow accelerates towards
the left exit, and the velocity profiles look like parabolic, very similar to a typical pressure driven Poiseuille
flow. Close to the plate surface, the velocity slips are evident. At these three stations, the mass flux profiles
n(X, Y)U(X, Y) remain unchanged due to the mass conservation relation.
It is interesting to examine how the centerline pressure and velocity profiles change with the
temperature ratios. Figure 9 presents those profiles of analytical solutions, where the density ratio is set as
nR/nL = 5 and the aspect ratio is L/H = 2, and four different temperature TR : TL : TT : TB are included.
The left sub-figure is for normalized centerline pressure, and the right side is for the normalized centerline
velocity. They indicate that in general the profiles are nonlinear. Also, due to different temperature ratios,
either due to hot gas or hot plates, can significantly affect the profiles, e.g., their slopes and ending values.
Those facts are heuristic and reflect the significance of this study.
One of our primary goals is to demonstrate that the mass flow rate is not only related to the density
and temperature ratios between the two entrances or exits, but also the surface temperatures. As well
known, because the mass flux profile n(X, Y)U(X, Y) is parabolic, the average value of the profile and the
maximum value at the channel centerline are closely related. These two facts inspire us to study the mass
flow rate by using n(L/2, H/2)U(L/2, H/2), i.e., at the channel center point.
As shown earlier in Eqn. 9, the surface virtual density is crucial to compute the local mass flux,
n(X, Y)U(X, Y), and we need to approximate it in the first step. Inspired by the right sub-figure in Fig. 2,
if TT = TB = (TL + TR)/2, the top and bottom plates shall share an identical virtual density profile which
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is almost linear. This virtual density profile is renamed as nw(x), and it is approximated with the following
formula:
nw(x) =
nL + nR
2
(a + bx); or, nw(α) =
nL + nR
2
(
a + b
[
L
2H
− cos α
2 sin α
])
, αL < α < pi − αL, (14)
where a and b are two determinable coefficients, e.g., by using the right sub-figure in Fig. 2.
By the assumption shown as Eqn. 14, and the following integral,
∫ cos2 α
sin α
dα = cos α− 1
2
ln
1+ cos α
1− cos α + C, (15)
it can be shown that the local mass flux at the center point (L/2, H/2) has the following expression:
(nU)(
L
2
,
H
2
) =
(nL + nR)
√
2RTw
8
√
pi
[
cos α0 +
1
2
ln
1− cos α0
1+ cos α0
]
−
√
2RTR
2
√
pi
nR sin α0 +
√
2RTL
2
√
pi
nL sin α0, (16)
where α0 = atan(H/L), the top and bottom plates have the same temperature Tw = (TL + TR)/2. Hence,
the normalized mass flux is:
Q
nL H
√
2RTL
∼ b
4
(
1+
nR
nL
)√
Tw
TL
(
cos α0 +
1
2
ln
1− cos α0
1+ cos α0
)
−
√
TR
TL
nR
nL
sin α0 + sin α0. (17)
Equation 17 includes four non-dimensional parameters, L/H, nR/nL, Tw/TL, and TR/TL. This expression
shows the pressure ratio PL/PR = (nLTL)/(nRTR) is not a non-dimensional factor for the mass flow rate
through a micro-channel. However, Berman’s formulas [13,14] for collisionless gas flow through a planar
micro-channel uses the pressure difference (or the density difference) as a factor to determine the mass
flow rate.
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TL : TR : TT : TB = 4 : 2 : 1 : 3, nL : nR = 1 : 10, and L/H = 2.
For a long micro-channel, e.g, H/L < 0.1, the above equation can further degenerate to:
Q
nL H
√
2RTL
∼ b
4
(
1+
nR
nL
)√
Tw
TL
ln
H
L
−
√
TR
TL
nR
nL
H
L
+
H
L
. (18)
When the left and right exits have identical number densities and temperatures, we have b = 0 and then
Eqns. 17 and 18 correctly predict a zero mass flow rate.
Figure 10 shows the normalized flow rate profiles, Q/(nL
√
2RTL H), with different factors. The
left side illustrates that the flow rate decreases with increasing L/H because a relatively longer channel
slows down the molecules more effectively. In this left sub-figure, three different plate temperature ratios
are used, and, as shown for long micro-channels, the temperature ratio effects are not very appreciable
and the difference is less than 0.1%. The right side of this figure shows the normalized mass flow
rate, Q/(nL
√
2RTLH), changing with different temperature ratios, and four different scenarios with
different density ratios are displayed. As illustrated by Eqn. 17, with a constant surface temperature
Tw = (TL + TR)/2, if the linear virtual surface density profile assumption is reliable (i.e, b is a constant) ,
the normalized mass flow rate shall have a simple linear relation with
√
Tw/TL. The four straight lines in
the right sub-figure clearly confirm this relation.
3. CHANNELS WITH SPECULARLY REFLECTIVE SURFACES
We can also study free molecular flows through a channel with specularly reflective surfaces by
constructing the VDFs and velocity phases for the two plate surfaces. From the gaskinetic theory, the
surface temperatures TT and TB do not have any contribution to the surface and flowfield properties. The
shear stress and heat flux at the surface are zero. The VDFs at the left and right exits still can be well
approximated as Maxwellian for free molecular flows.
Figure 11 can aid studying the velocity phase for Point E at the bottom plate. There are particles
from multiple sources moving toward Point E. The first group of molecules enter the channel from the
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left entrance. They move towards Point E and the related velocity phase is inside 6 AOu in Quadrant IV.
These molecules bounce off from Point E and leave the channel through the right exit with the related
velocity located inside 6 A′Ou (which is symmetric to 6 AOu) in Quadrant I. Molecules entering the channel
from the right entrance and moving towards Point E are represented by angle 6 BO(−u) in Quadrant III,
and they bounce off from E and move to the left exit, and the related velocity phase shall be 6 B′O(−u)
(symmetric to 6 BO(−u)) in Quadrant II.
An equivalent approach to understand this velocity phase construction is to replace those particles
bouncing off Point E with two imaginary groups, which are equivalently coming under the plate CD at
velocity “mirrored” from the actual molecules coming from the left and right entrances. By doing this, the
plate CD can be neglected, and there are four groups of molecules coming to Point E: within 6 AOu and
within 6 A′Ou (mirrored group); within 6 BO(−u) and within 6 B′O(−u) (mirrored group).
There are also two groups of molecules moving toward Point E from the top plate. They are reflected
molecules, either from plate segment 3-B or A-3. Specular reflections only reverse the velocity component
along the normal direction but the tangent velocity component is unchanged. It is understandable that
there are many molecule “trains” whose velocities are actually Maxwellian, and form a ray in the velocity
phase. This ray can trace back to the left or the right entrances. In Fig. 11, molecules moving from surface
segment 3-A towards E can only come from the left entrance, and they are represented inside 6 AO(−v) in
Quadrant IV, and they bounce off from E and form an area 6 A′Ov (symmetric to 6 AO(−v)) in Quadrant I.
Similarly, molecules moving from the segment 3-B towards E form 6 BO(−v) in Quadrant III, and they
leave Point E and move to the left exit, forming an area 6 B′Ov (symmetric to 6 BO(−v)) in the Quadrant II.
The above classification yields simple conclusions about the velocity phase for Point E, as shown on
the right side of Fig. 11. In Quadrants I and IV with positive u, the VDFs are Maxwellian and characterized
by nL and TL; while the VDFs in Quadrants II and III with negative u are also Maxwellian but characterized
by nR and TR. These four quadrants are divided by two rays: θ = 90◦, and θ = 270◦, which are missing
because no molecule from the two entrances can bounce into and out of Point E, vertically along Segment
E-3. Molecules with such velocity directions can never enter the channel from the two entrances. However,
these two missing rays in the velocity phase do not affect the integration to obtain the surface properties
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Figure 10. Left: L/H ratio effect on mass flow rate through a channel with diffusely reflective surfaces,
TL : TR = 2 : 1 and nL : nR = 1 : 10. Right: temperature ratio effect on mass flow rate, L/H = 10, and
TT = TB = (TL + TR)/2. The mass flow rate is computed at x/L = 0.5 for both cases.
according to the standard gaskinetic theory, because the integral area of their occupied solid angles is zero.
Following the same procedures, the VDF and velocity phase for any point on the top and bottom surfaces
shall be the identical.
After determining the VDFs and velocity phases for all surface points, we can proceed to construct
the VDF and velocity phase for a flowfield point P(X, Y) in Fig. 12, and compute the flowfield properties
at that point. The velocity phase for this point is shown on the right side of this figure. Region 6 AOC in
the velocity phase represents molecules entering the channel and directly moving towards point P(X, Y)
from the left entrance; Region 6 DOB in the velocity phase represents molecules entering the channel and
directly moving towards point P(X, Y) from the right entrance. Neither 6 AOC nor 6 DOB needs to be
symmetric about the u-axis. Region 6 COv in the velocity phase is formed by those molecules bouncing off
plate segment CN; and region 6 AO(−v) represents molecules bouncing off plate segment AM. Regions
6 AO(−v), 6 COV and 6 COA form Quadrants I and IV, and the corresponding VDF is Maxwellian and
characterized by nL and TL. With the same approach, we can conclude that the VDF inside Quadrants II
and III is also Maxwellian but characterized by nR and TR. The 90◦ and 270◦ rays in the velocity phase
are still missing, however, neither of them has any effect on the integration for the flowfield properties
at point P(X, Y). Another conclusion that can be drawn is that the velocity phase for any flowfield point
shall be identical to that of point P, regardless of the channel aspect ratio.
In conclusion, the VDFs and velocity phases for all the flowfield and surface points are identical:
one Maxwellian VDF (characterized by nL and TL) for Quadrants I and IV, and another Maxwellian VDF
(characterized by nR and TR) for Quadrants II and IV. As a consequence, the flowfield properties must be
identical and uniform everywhere. The geometry ratio L/H and the surface temperature ratios TT/TL
and TB/TL do not appear in the VDFs and velocity phases. No matter how long the channel is, the mass
flow rate through the channel is fixed, due to the zero surface friction force. By taking the whole channel
as a control volume, molecules entering from one entrance must leave from the other exit, and they shall
never bounce back and leave from the same entrance.
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Having the local VDFs and velocity phases obtained, we can integrate VDFs in the velocity phases
for the local surface and flowfield properties by using the gaskinetic theory. For convenience, two
non-dimensional parameters are defined, en ≡ nR/nL, and eT ≡ TR/TL. With them, the surface pressure
coefficient can be expressed as:
Cp,s(X) =
pw
nLkTL
=
1
2
+
1
2
eneT . (19)
The flowfield properties are:
n(X, Y)
nL
=
1
2
+
en
2
;
T(X, Y)
TL
= − U
2
3RTL
+
Ty
TL
; (20)
U(X, Y)√
2RTL
=
1− en√eT√
pi(1+ en)
; V(X, Y) = 0; (21)
Tx(X, Y)
TL
= − U
2
RTL
+
Ty
TL
;
Ty(X, Y)
TL
=
Tz(X, Y)
TL
=
1+ eneT
2
nL
n
. (22)
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Equations 20 and 22 indicate that there are strong thermal non-equilibrium effect on temperatures, and
such non-equilibrium is not related to the aspect ratio of the channel. Ty and Tz are equal and always the
largest, then is the averaged temperature T, and the translational temperature along the X-direction Tx is
always the smallest.
Compared with the diffusely reflective plate results having four non-dimensional parameters, the
above results are simpler. The distributions have uniform values everywhere.
To validate the above analytical formulas for a micro-channel with specularly reflective surfaces,
DSMC simulations are performed and the results are compared. Figure 13 includes the simulation results
of density and averaged temperature; Fig. 14 for velocity components; and Fig. 15 for translational
temperature components Tx and Ty. The corresponding exact analytical values are also included in the
captions. Even though there are still statistical scatters in the simulation results, the deviations from the
analytical values are minor, in general, and the differences are on the 4th effective digit number, or about
0.01%. These discrepancies can further reduce if the sampling process continues. Figure 15 also indicates
that Tx and Ty can be quite different and the difference is about 90% for this parameter combination. As
shown, the formulas for the specularly reflective surface plates are also validated.
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Figure 13. DSMC simulation results of normalized density and translational temperature, specularly
reflective channel surfaces. TL : TR = 1 : 2, nL : nR = 1 : 10. Analytical results ( computed with Eqn. 20):
n(X, Y)/nL = 5.5, and T(X, Y)/TL = 1.6062.
Correspondingly, the normalized mass flow rate through a planar micro-channel with specularly
reflective plate surfaces is:
Q
nLH
√
2RTL
=
1− en√eT
2
√
pi
. (23)
As shown, different from the diffusely reflective surface scenario, the normalized mass flow rate for
collisionless flows through a specularly reflective micro-channel does not include the aspect ratio and
surface temperatures. The above formula also indicates that for collisionless flows, even if the pressures
at the two entrances are the same, i.e., eneT = 1, it is still possible to have non-zero flux through the
channel. This is different from many past theoretical results, which predict that the mass flow rate shall be
proportional to the pressure difference, such as Berman [13,14].
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Figure 14. DSMC simulation results of normalized velocity components, specularly reflective channel
surfaces. TL : TR = 1 : 2, nL : nR = 1 : 10. Analytical results (computed with Eqn. 21): U(X, Y)/
√
2RTL =
−0.675, and V(X, Y)/√2RTL = 0.0.
Before we conclude this paper, few remarks are offered here. First, following the same vein, when
the collisionless gases at the left and right exits have different VDFs, or the micro-channel has different
but simple shapes like a long capillary, the above procedures dealing with reflective surfaces can still
apply and the results shall be similar. All the flowfield and surface properties can be obtained. Secondly,
the Maxwell type surface assumes α∗ percent of reflections are diffuse and 1− α∗ percent reflections are
specular. For example, in most engineering applications, α∗ > 80% is a good approximation. The related
macroscopic properties are different from those for completely diffusely or specularly reflective surfaces.
However, the derivation procedures are based on the gaskinetic theory as well, in the same vein as those
for the diffusely and specularly reflective surfaces presented in this paper.
4. CONCLUSIONS
This paper addressed the fundamental problem of free molecular flow through a diffusely or
specularly reflective planar micro-channel. Theoretical and numerical investigations are performed
and compared. The gaskinetic theory is used to derive the theoretical results, and DSMC simulations are
performed to validate those results. Essentially identical results by the two methods indicate that the work
is solid.
For surfaces with diffuse reflections, virtual number densities at the plate surfaces are introduced, and
then different VDFs and velocity phases for points at the plate surfaces and inside flowfield are properly
constructed. By integrating the VDFs in the velocity phases according to the gaskinetic theory, surface
and flowfield properties are obtained. The mass flow rate can be approximated by using the mass flux
at the channel center point, and the result includes four non-dimensional parameters: the aspect ratio,
density ratio, and two temperature ratios. Different from many past investigations, this work illustrates
that the surface temperatures do need to be considered in the mass flow rate for collisionless gaseous
micro-channel flows.
For channels with specularly reflective surfaces, the VDFs at the plate surface and inside the flowfield
are identical and the final expressions are explicit and simple, only involving two non-dimensional
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Figure 15. DSMC simulation results of normalized translational temperature components, Tx(X, Y)/TL
and Ty(X, Y)/TL, specularly reflective surfaces. TL : TR = 1 : 2, nL : nR = 1 : 10. Analytical results (
computed with Eqn. 22): Tx(X, Y)/TL = 1.00037, and Ty(X, Y)/TL = 1.9091.
parameters. The plate surface temperatures and the aspect ratio do not have any influence. No matter how
long or high the channel is, and how hot the plate surfaces are, there is no difference in the final properties.
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APPENDIX
Several useful integrals:∫ ∞
±a e
−r2 dr =
√
pi
2 [1∓ erf(a)] ;
∫ ∞
±a re
−r2 dr = 12 e
−a2 ;∫ ∞
±a r
2e−r2 dr =
√
pi
4 [1∓ erf(a)]± a2 e−a
2
;
∫ ∞
±a r
3e−r2 dr = 1+a22 e
−a2 ;∫ ∞
±a r
4e−r2 dr = 3
√
pi
8 [1∓ erf(a)]±
(
3a
4 +
a3
2
)
e−a2 ;
∫ ∞
±a r
5e−r2 dr =
(
1+ a2 + a
4
2
)
e−a2 .
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